We set up a canonical Hamiltonian formulation for a theory of gravity based on a Lagrangian density made up of the Hilbert-Palatini term and, instead of the Holst term, the Nieh-Yan topological density. The resulting set of constraints in the time gauge are shown to lead to a theory in terms of a real SU (2) connection which is exactly the same as that of Barbero and Immirzi with the coefficient of the Nieh-Yan term identified as the inverse of Barbero-Immirzi parameter. This provides a topological interpretation for this parameter. Matter coupling can then be introduced in the usual manner, without changing the universal topological Nieh-Yan term.
I. INTRODUCTION
Hilbert-Palatini Lagrangian for pure gravity is written in terms of the connection fields The second term is the Holst term with η −1 as the Barbero-Immirzi parameter [2, 3] .
For η = −i, this Lagrangian density leads to the canonical formulation in terms of the self-dual Ashtekar connection which is a complex SU(2) connection [4] . For real η, we have a Hamiltonian formulation in terms of a real SU(2) connection, which coincides with the Barbero formulation for η = 1 [2, 5] . fermions are included through minimal coupling, the classical equations of motion acquire a dependence on η [6] . However it is possible to modify the Holst term in such a way that the equations of motion remain unchanged. Such modification for spin 1 2 fermionic matter and also those in the N = 1, 2 and 4 supergravities have been obtained [7, 8] . When the connection equation of motion is used, the modified Holst terms in each of these cases, become total divergences involving Nieh-Yan invariant density and divergence of axial current densities involving the fermion fields. The modified Holst term used in these formulations changes with the matter content of the theory.
It has been suggested that the Barbero-Immirzi parameter should have a topological interpretation in the same manner as the θ parameter of QCD [9] . For this to be the case, η should be the coefficient of a term in the Lagrangian density which is a topological density. Since such a term would be a total derivative for all field configurations, the classical equations of motion would remain unaltered. Such a term would be universal in the sense that it would not change when any matter coupling to gravity is introduced. The Holst term in (1) or any of its modifications mentioned above do not have such a property.
In the four dimensional gravity, there are three possible topological densities, namely Pontryagin, Euler and Nieh-Yan. The first two are quadratic in the curvature tensor. The Nieh-Yan density contains a term linear in R IJ µν (ω) and an R−independent term. This is shown below to be associated with Barbero-Immirzi parameter.
The Nieh-Yan density is given by [11] :
This is a topological density, that is, it is a total divergence:
Note that unlike the Pontryagin and Euler densities, the Nieh-Yan density vanishes identically for a torsion free connection.
The classical equations of motion from the Lagrangian density containing the HilbertPalatini term as well as the Nieh-Yan density:
are the same as those from the Hilbert-Palatini Lagrangian alone. We shall demonstrate that the canonical Hamiltonian formulation based on this new Lagrangian density also leads to a theory of real SU(2) connections, exactly the same as that emerging from the theory with original Holst term. This in turn, for η = 1, is the Barbero formulation. Inclusion of matter now does not need any further modification and equations of motion continue to be independent of η for all couplings. This also allows a direct interpretation of the η parameter as a topological parameter in a manner analogous to the θ-parameter in QCD.
In a quantum framework, it is also possible to arrive at the canonical formulation based on the Lagrangian density (4) starting from the Hilbert-Palatini canonical formulation by rescaling the wave functional by exp{
NY (e, ω) in terms of the fermions. It is desirable to carry out this procedure, retaining the J t NY as in equation (3) in terms of the original geometric variables. Such a method then can be applied directly to a theory of gravity with or without matter.
In this paper, we work within a classical framework. In section II, we describe the Hamiltonian formulation based on the Lagrangian density (4) closely following the analysis carried out by Sa [5] for the Hilbert-Palatini gravity with the Holst term. In section III, we discuss the matter couplings, in particular the case of Dirac fermions. Coupling of any other matter can be done in an analogous and straight forward manner. Section IV contains a few concluding remarks.
II. HAMILTONIAN ANALYSIS
We propose the Lagrangian density for pure gravity to be that given in equation (4), rewritten as:
where
(ω) and we have used the identities,
Introducing the notation, t a I := ηǫ abc D b (ω)e Ic and ǫ abc := ǫ tabc , the 3+1 decomposition is expressed as:
Defining ω 
We parametrize the tetrad fields as:
and then the inverse tetrad fields are: fields N and N a .
Next using the identity,
and dropping the total space derivative terms,
where 2eΣ
Introduce the fields,
In terms of these, we have 2eΣ
and the
Lagrangian density is:
where, now we need to re-express H, H a and G IJ (G
of these new fields:
In the above, E 
where,
We can upgrade V I a and t a I as independent fields through terms containing the Lagrange multiplier fields ξ a I and φ I a in the Lagrangian density:
where υ 
From the variation with respect to M kl or equivalently u ij a , we get:
This leads to
Using constraints (30), and the expressions (23 -25) for τ a I , υ 
Using (29), this in turn implies the constraint:
where, f kl and N kl are given in (26, 27). This constraint can be solved for M kl . Furthermore it implies, from the definitions (24, 25), that τ a I ≈ 0 and hence,
Implementing this constraint then reduces the Hamiltonian density to
where now,
In the last equation we have M kl given by the constraint 2f kl + N kl = 0, which can be solved as:
This is the same set of equations as those obtained by Sa [5] in his analysis of the action containing Holst term.
We may fix the boost gauge transformations (time gauge) by imposing χ i ≈ 0 which together with the G i boost ≈ 0 forms a second class pair. Solving the boost constraint with χ i = 0 yields,
In this gauge we then recover a canonical Hamiltonian formulation in terms of real SU (2) gauge fields A i a which reduces to the Barbero formulation for η = 1 [5] . To summarize, like the Holst term, the Nieh-Yan term leads to an SU(2) gauge theoretic formulation. But, it is only the coefficient of the Nieh-Yan term that has a topological character.
III. MATTER COUPLING
As stated earlier, the matter can now be coupled to gravity in a straight forward manner.
As an example, we consider a spin-
Dirac fermion with its usual minimal coupling to gravity.
The Lagrangian density is 1 ,
Incorporating these fermionic terms in the pure gravity Lagrangian density given in equation (28), we write the full Lagrangian density as,
where now
with G IJ , H a and H as the contributions from the pure gravity sector as given by the equations (13 -15) or equivalently by the equations (19 -22). The various quantities above can then be rewritten in terms of the basic fields as:
where as earlier, 2e Σ
and f kl , N kl (M) are given by equations (26, 27) respectively. Also,
The Hamiltonian density now reads:
The constraints associated with the fields N a , N, ω 
The remaining fields M kl , from
Using t a I ≈ τ a I , we write
Using (59) in (58), leads to
generalizing the constraint (32) of the pure gravity case. This in turn implies
corresponding to the constraint (33) for pure gravity. Implementing this constraint along with those in (57) reduces the Hamiltonian density to We may now make the gauge choice χ i = 0 and solve the boost constraint G ′i boost = 0 to obtain
Thus we have a canonical Hamiltonian formulation for a theory of gravity with fermions in terms of real SU(2) gauge fields A i a with the following constraints:
where ζ i are given by (63) and
with
This completes our discussion of a fermion minimally coupled to gravity including the Nieh-Yan term. This analysis can now be extended in an analogous manner to a theory with any matter content with any couplings.
IV. CONCLUSIONS
We have demonstrated that inclusion of Nieh-Yan topological density in the Lagrangian density of a theory of gravity allows us, in the time gauge, to describe gravity in terms of a real SU(2) connection. The set of constraints so obtained in the Hamiltonian formulation, for η = 1, is the same as that in the Barbero formulation. For other real values of this parameter, we have the Immirzi formulation with Barbero-Immirzi parameter γ = η −1 . Thus the parameter η has similar interpretation as the θ-parameter of QCD. Like the topologically non-trivial vacuum structure of QCD, which reflects itself in terms of presence of the θ-parameter, the η-parameter in the theory of gravity should indicate a rich vacuum structure of gravity which needs further and thorough investigation.
Like the θ-term in QCD, the Nieh-Yan term in gravity is also universal, i.e., it does not need to be changed when various kinds of matter are coupled to the theory. We have discussed this in detail for spin 1 2 matter coupled to gravity. For other matter, for example, in the theories involving an anti-symmetric tensor gauge field, and also theories of supergravity, the same Nieh-Yan topological term allows a description in terms of a theory of a real SU(2) gauge connection in the time gauge. This is to be contrasted with the case of Holst modification of Hilbert-Palatini action, where for different matter couplings, the corresponding Holst term in the Lagrangian density needs to be changed on a case by case basis so as to keep the equations of motion unaltered [7, 8] . It is worth emphasizing that the Nieh-Yan density is entirely made up of geometric quantities while the modified Holst terms contain matter fields as well. The two get related only after using the connection equation of motion.
In a complete theory of gravity, besides the Nieh-Yan topological term, we need to include two other topological terms, the Pontryagin density and the Euler density. This introduces two additional topological parameters associated with such topological terms, besides the parameter η we have discussed here. Any quantum theory of gravity should have all these three CP-violating topological couplings.
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